We have studied the interaction between the low-lying transverse collective oscillations and the thermal excitations of an elongated Bose-Einstein condensate by means of perturbation theory. We consider a cylindrical trapped condensate and calculate the transverse elementary excitations at zero temperature by solving the linearized Gross-Pitaevskii equations in two dimensions ͑2D͒. We use them to calculate the matrix elements between the thermal excited states and the quasi-2D collective modes. The Landau damping of transverse collective modes is studied as a function of temperature. At low temperatures, the corresponding damping rate is in agreement with the experimental data for the decay of the transverse quadrupole mode, but it is too small to explain the observed slow decay of the transverse breathing mode. The reason for this discrepancy is discussed.
I. INTRODUCTION
Transverse collective oscillations have recently been observed in elongated condensates confined in axially symmetric harmonic traps ͓1͔. At low temperatures, the frequency of the both monopole and quadrupole transverse modes turns out to be in very good agreement with the predictions of the Gross-Pitaevskii theory for two-dimensional ͑2D͒ condensates, thus revealing their quasi-2D character. The experiments also show some peculiar features of the transverse breathing oscillation of these elongated condensates. First, its excitation frequency is close to twice the radial trapping frequency and is nearly independent of the strength of the twobody interaction, the number of atoms, and the temperature. Second, its damping rate is much smaller than that of the other modes. For instance, the measured damping rate of the transverse breathing mode is approximately ten times smaller than that of the quadrupole mode. This is rather different from the 3D case, where both the monopole and the quadrupole oscillations have comparable decay rates. Conversely, the observations are in agreement with the expected behavior of the breathing oscillation of 2D isotropic condensates ͓2-4͔ for which theory predicts no damping and a frequency fixed by a universal quantity. This means that the experiments of Ref. ͓1͔ do indeed show the two-dimensional nature of transverse oscillations of elongated condensates and test the effects of reduced dimensionality.
In the present paper we consider a cylindrical condensate, subject to harmonic confinement in the radial ͑transverse͒ direction. The excitation spectrum at zero temperature is calculated by solving the linearized Gross-Pitaevskii equation. The main purpose is to investigate the coupling between the transverse collective oscillations and the thermal excitations in the collisionless regime. This coupling causes a Landau damping of the collective oscillations, i.e., the decay of the collective mode through the exchange of energy with thermally activated excitations.
The paper is organized as follows. In Sec. II, we calculate the excitation spectrum using the Gross-Pitaevskii theory. In Sec. III, we summarize the perturbation theory for the interaction of collective modes with thermal excitations ͑as in Ref. ͓5͔͒. We then apply this theory to calculate the decay rate due to Landau damping of transverse oscillations. In Sec. IV, we present the main results for the transverse quadrupole mode. The situation for the monopole mode is also discussed.
II. ELEMENTARY EXCITATIONS OF A CYLINDRICAL TRAPPED CONDENSATE
At low temperatures the elementary excitations of a trapped weakly interacting degenerate Bose gas are described by the well-known time-dependent Gross-Pitaevskii ͑GP͒ equation for the order parameter in an external confining potential. The trapping potential is usually axially symmetric and it is given by V ext (r Ќ ,z)ϭM ( Ќ 2 r Ќ 2 ϩ z 2 z 2 )/2, with r Ќ 2 ϭx 2 ϩy 2 . The ratio between axial ( z ) and radial ( Ќ ) trapping frequencies defines the anisotropy parameter of the trap ϭ z / Ќ .
In the experiment of Ref. ͓1͔, the transverse modes have been excited in the radial plane of a highly anisotropic cigarshaped trap, with ϳ0.0646. Thus, as a reasonable approximation, we consider an idealized cylindrical trap that is uniform in the z direction ( z ϭ0) and has an isotropic trapping potential in the radial plane,
The harmonic trap frequency Ќ provides a typical length scale for the system,
. We assume a cylindrical condensate with large longitudinal size L, compared with the radial size R and with a number of atoms per unit length, N Ќ ϭN/L.
At low temperatures, the dynamics of the condensate is described by the linearized time-dependent GP equation. The excited states can be found by assuming small oscillations of the order parameter around the ground-state value,
where is the chemical potential.
In a cylindrical trap, the modes of the condensate are labeled by iϭ (n,m,k) , where n is the number of nodes in the radial solution, m is the z projection of the orbital angular momentum, and k is the longitudinal wave vector. The normal modes of the condensate can be obtained by seeking fluctuations that correspond to propagating waves of the form ͓6,7͔ ␦⌿͑r,t͒ϭU k ͑ r Ќ ͒e
where we have used cylindrical coordinates (r Ќ ,,z). The ''particle'' and ''hole'' components characterizing the Bogoliubov transformations in a cylindrical symmetric trap are then u nmk (r)ϭU nmk (r Ќ )e im e ikz and v nmk (r) ϭV nmk (r Ќ )e im e ikz , respectively. Quasi-2D collective modes are described by the kϭ0 case, since in this case fluctuations are restricted to the transverse plane.
By inserting Eqs. ͑2͒ and ͑3͒ in the GP equation and retaining terms up to first order in U k and V k , one obtains three equations. The first is the nonlinear equation for the order parameter of the ground state,
where
The interaction coupling constant is g ϭ4ប 2 a/M and is fixed by the s-wave scattering length a. The other two equations contain the unknown functions U k (r Ќ ) and V k (r Ќ ) ͓8͔:
We have numerically checked from Eqs. ͑5͒ and ͑6͒ that the state with (mϭ0,nϭ1) and kϭ0 corresponds to the transverse breathing mode with excitation frequency 2 Ќ . This frequency does neither depend on the strength of the two-body interaction potential nor on the number of particles. Of course, according to the universal nature of this mode, this general result is also valid in the Thomas-Fermi ͑TF͒ limit, where the dispersion relation can be found analytically ͓6,9͔. However, the eigenfunctions for this mode, in general, do not coincide with their Thomas-Fermi limit.
The state with (mϭ2,nϭ0) and kϭ0 is a transverse quadrupole mode. Its frequency depends on the two-body interaction, ranging from the TF value ͱ2 Ќ ͓valid for large condensates (aN Ќ ӷ1 or equivalently ӷប Ќ )], to the noninteracting value 2 Ќ . Therefore, the transverse quadrupole has to be obtained numerically by solving Eqs. ͑5͒ and ͑6͒ for each particular value of the dimensionless parameter aN Ќ .
It is well known that the dipole mode (mϭ1,nϭ0) is unaffected by the two-body interactions due to the translational invariance of the interatomic force, which cannot affect the motion of the center of mass ͓8͔ and its excitation frequency is 1 Ќ . We have numerically checked that the transverse dipole mode satisfies these conditions. The fact that the frequency of the monopole mode is independent of the interaction is worth stressing. It is a unique property of 2D systems, related to the presence of a hidden symmetry of the problem described by the two-dimensional Lorentz group SO͑2,1͒ ͓4͔.
III. LANDAU DAMPING
Let us consider a collective mode with frequency ⍀ osc and the excited states i, j available by thermal activation, with energies E i and E j , respectively. Suppose that this collective mode has been excited and, therefore, the condensate oscillates with the corresponding frequency ⍀ osc . Due to interaction effects, the thermal cloud of excitations can either absorb or emit quanta of this mode thus producing damping of the collective motion. We want to study the decay process in which a quantum of oscillation ប⍀ osc is annihilated ͑cre-ated͒ and the ith excitation is transformed into the jth one ͑or vice-versa͒. This mechanism is known as Landau damping. Another possible decay mechanism, also due to the coupling between collective and thermal excitations, is Beliaev damping ͓10͔, which is based on the decay of an elementary excitation into a pair of excitations.
The Landau damping rate within perturbation theory is given by ͓5,11͔
where the transition frequencies are i j ϭ(E j ϪE i )/ប and the ''damping strength'' is
We have assumed that the thermal cloud is at thermodynamic equilibrium, and the states i, j are thermally occupied with the usual Bose factor f i ϭ͓exp(E i /k B T)Ϫ1͔ Ϫ1 . The matrix element that couples the low-energy collective mode (u osc ,v osc ) with the higher energy single-particle excitations ͑for which we use the indices i, j) is ͓5͔
͑9͒
In this work, we calculate the quantities ␥ i j by using the numerical solutions u and v, avoiding the use of further approximations in the spectrum of excitations. We are interested in the decay of transverse collective excitations (kϭ0), u osc (r Ќ ,)ϭU osc (r Ќ )e im osc , due to the coupling with thermally excited states (i, j). From Eq. ͑9͒, it follows that kϵk i ϭk j (⌬kϭ0). Since k is a continuous quantum number, the sum over k becomes an integral and Eq. ͑7͒ yields
the sum is restricted to pairs that satisfy ⌬mϭ͉m j Ϫm i ͉ ϭm osc . Then, in Eq. ͑10͒, the integration over k yields
where k is the wave vector in which the conservation of energy is verified, i.e., ͉ i (k )Ϫ j (k )͉ϭ⍀ osc .
IV. RESULTS
In order to present numerical results, we choose a gas of 87 Rb atoms ͑scattering length aϭ5.82ϫ10 Ϫ7 cm) confined in a cylindrical trap with radial frequency Ќ ϭ219 ϫ2 Hz, which corresponds to an oscillator length a Ќ ϭ0.729ϫ10 Ϫ4 cm. The number of condensate atoms per unit length is taken to be N Ќ ϭN/Lϭ2800 a Ќ Ϫ1 . These conditions are close to the experimental conditions of Ref.
͓1͔.
We have solved the linearized GP equations ͑4͒-͑6͒ at zero temperature to obtain an exact description of the ground state ⌿ 0 (r Ќ ) and the normal modes of the condensate within Bogoliubov theory without using the Thomas-Fermi or Hartree-Fock approximations. The following numerical results were obtained: ϭ9.526 ប Ќ , and the excitation frequencies of the transverse monopole ⍀ M ϭ2.0 Ќ and of the transverse quadrupole mode ⍀ Q ϭ1.436 Ќ .
For a fixed number of trapped atoms, the number of atoms in the condensate depends on the temperature. At zero temperature, quantum depletion is negligible and all the atoms can be assumed to be in the condensate ͓12͔. At a finite temperature, the condensate coexists with the thermal cloud. The temperature dependence of the condensate atoms N 0 (T) is important at k B TϾ. However, if the temperature is low enough in comparison with the transition temperature, the size of the thermal cloud is large in comparison with that of the condensate, and the number of thermal atoms weakly depends on the interaction ͑see Ref. ͓13͔͒. Thus, the number of condensate atoms can be approximated by the ideal-gas expression N 0 (T)ϭN͓1Ϫ(T/T c 0 ) 3 ͔, where N is the total number of atoms and T c 0 is the transition temperature for Bose-Einstein condensation in the ideal Bose gas. Moreover, at low enough temperatures the excitation spectrum can be safely calculated by neglecting the interaction between the condensate and the thermal excitations ͓8͔. This means that the excitation energies at a given T can be obtained within the Bogoliubov theory at Tϭ0 by normalizing the number of condensate atoms to the corresponding condensate fraction N 0 (T).
We have restricted our calculations to levels with energy Eр7. The contribution of higher excited levels can be neglected since their occupation becomes negligible in the range of temperatures we have considered.
It is worth recalling that the dipole mode is undamped ͓8͔ since it is not affected by the two-body interactions. We have checked that within our formalism the Landau damping of the transverse dipole mode is zero, as expected.
First of all, we have calculated the Landau damping of the transverse quadrupole mode as a function of T for a fixed number of condensate atoms, ␥ Q (T). It was found that there are 34 pairs of levels that verify the transverse quadrupole selection rules (⌬mϭ2, ⌬kϭ0) and the energy conservation at finite wave vectors, i.e., at k 0.
In Fig. 1 , we plot the damping rate versus k B T/ for the transverse quadrupole mode for a fixed number of condensate atoms per unit length in a cylindrical trap. As expected, Landau damping increases with temperature since the number of excitations available at thermal equilibrium is larger when T increases. One can distinguish the two different regimes, one at very low T (k B TӶ) and the other at higher T, where damping is linear with temperature. However, this linear behavior appears at relatively small temperature (k B T ϳ) in comparison with the homogeneous system ͓5͔, where this regime occurs at k B Tӷ. For the highly elongated condensate of Ref. ͓1͔, at k B TӍ0.7, a quality factor ͓14͔ for the transverse quadrupole mode, Qϭ⍀ Q /(2␥ Q expt ) ϳ200 has been measured, which gives a damping rate ␥ Q expt ϳ10 Ϫ2 Ќ . This value is in agreement with our calculations of the Landau damping for this mode ͑see Fig. 1͒ . A more quantitative comparison is not possible at present due to the absence of the detailed measurements of damping of this mode. However, it is reasonable to conclude that the transverse quadrupole mode in elongated condensates decays via Landau damping. It is worth noting that the order of magnitude of the damping rate of the transverse quadrupole mode is the same as that previously estimated for a uniform gas ͓5,15-17͔, for spherical traps ͓11͔, and for anisotropic traps ͓18,19͔. The Landau damping for other modes can be calculated analogously. However, the physical situation for the decay of the singular transverse monopole mode turns out to be much more complicated.
From the spectrum of elementary excitations, we have found that there are only 16 pairs of levels that verify the transverse monopole selection rules (⌬mϭ0, ⌬kϭ0) and the energy conservation at k 0. The damping strengths associated with the allowed transitions are smaller than the ␥ i j values associated with the quadrupolelike transitions. As a result from our calculations, quite small amount of damping occurs. At TӍ1.5, we obtain Landau damping ␥ M Ӎ7 ϫ10 Ϫ5 Ќ , which is one order of magnitude smaller than the experimental decay ͓14͔ ␥ M expt
Ӎ6ϫ10
Ϫ4 Ќ measured in Ref. ͓1͔. Thus, Landau damping cannot explain the experimentally observed decay of the transverse breathing mode.
Actually, there are reasons to believe that even this small value of Landau damping obtained in the present calculations could be larger than the true value. The point is that in our calculations, based on perturbation theory, the thermal cloud is assumed to be in the state of thermodynamic equilibrium and, thus, one can neglect its motion. This is correct for the case of quadrupole oscillations, where the frequencies of the collective motion of the condensate and the cloud are different. However, due to the unique peculiar nature of the 2D breathing mode, the breathing oscillation of the thermal cloud has the same frequency 2 Ќ as the condensate. Then, if the oscillation is excited by the deformation of the trap, as takes place in the present experiment ͓1͔, the cloud will oscillate in phase with the condensate, which will further decrease the Landau damping ͓20͔. Therefore, this quasi-2D monopole mode in highly elongated condensates may decay via another damping mechanism, different from the Landau damping.
After finishing this work, a paper by Jackson and Zaremba has appeared ͓22͔ in which the effect of the collisions between elementary excitations has also been included. This effect is usually small in comparison with Landau damping. Nevertheless, for this peculiar mode the collisions seem to be the dominant damping mechanism, yielding a decay rate that it is in agreement with the experimentally measured value ͓1͔. Note, however, that the experiments are produced at quite a high oscillation amplitude and nonlinear effects can play an important role. For example, as was noted in Ref.
͓23͔, the transverse breathing mode exhibits a ''parametric'' instability due to the decay into two or more excitations with nonzero momentum along the axis. In Ref. ͓24͔, the process in which the transverse breathing oscillation decays into two excitations propagating along z with momentum k and Ϫk was considered. This damping mechanism is active also at zero temperature. However, in this case the damping rate depends on the amplitude of the breathing oscillation.
V. SUMMARY
We have investigated the decay of the low-lying transverse oscillations of a large cylindrical condensate. First of all, the transverse normal modes of the condensate were calculated, as well as the excitations with finite k, by solving the linearized time-dependent Gross-Pitaevskii equation. Then, within the formalism of Ref. ͓11͔, the matrix elements associated with the transitions between the excited states, allowed by the selection rules of the transverse collective modes, were numerically calculated. The Landau damping of the transverse collective modes due to the coupling with thermal excited levels, as a function of temperature were studied within a first-order perturbation theory assuming the thermal cloud to be in thermodynamic equilibrium. For the damping rate of the transverse quadrupole mode, we have found good agreement with the experimentally measured value of Ref. ͓1͔; whereas our result for the transverse breathing mode is one order of magnitude smaller than the experimental decay. One can conclude that in a highly elongated cylindrical symmetric condensate, transverse quadrupole oscillations decay via Landau damping mechanism, but the transverse breathing mode, which has an anomalously small measured damping rate, may decay via other damping mechanisms.
